Abstract: One of the primary drawbacks of orthogonal frequency-division multiplexing (OFDM) is the large peak-to-average ratio (PAPR). It continues to contribute nonlinear degradations after it was introduced into optical fiber transmissions. However, phasemodulated OFDM can reduce the PAPR to the minimum, since its amplitude can be constant. In this paper, we conduct the theoretical and experimental study on the laser phase noise effect in phase-modulated coherent optical OFDM systems. Due to the laser phase noise, the phase transformation at the receiver is prone to errors due to phase wrapping. Consequently, we propose a mean-phase-compensation (MPC) method, which compensate for the mean phase offset for each OFDM symbol that has a Gaussiandistributed histogram. This method can avoid the problematic unwrapping function in phase transformation. We derive the closed-form expressions for the phase noise spreading and the corresponding signal-to-noise ratios (SNRs) based on the Wiener phase noise model. Unlike conventional coherent optical OFDM, the phase noise spreading to each OFDM subcarrier is decided by the reciprocal of the square of the subcarrier frequency, and the SNR can be improved by using a stronger PM modulation. We also discuss the SNR improvement by discarding a few affected subcarriers closing to dc. In a simulation, we demonstrate that our closed-form expressions are accurate. Finally, we experimentally verify our MPC method and our analysis.
Introduction
Recently, there have been many different applications of optical orthogonal frequency-division multiplexing (OFDM) for its higher spectral efficiency, lower computational complexity [1] - [6] , and adaptability [7] , [8] . Unlike convention single carrier transmissions, the OFDM waveform in the time domain fluctuates like noise and has a large peak-to-average ratio (PAPR), one of the major drawbacks of OFDM. It makes OFDM susceptible to the nonlinear response. One solution is to use phase modulated (PM) OFDM, which can have a constant amplitude [9] . There already exist some publications on PM-OFDM, which mainly focus on its constant envelope feature, corresponding to the minimum peak-to-average power ratio (PARP), for mitigating the nonlinearity from the radio-frequency (RF) amplifiers or optical fibers [9] - [14] . To retrieve the phase information, coherent detection is typically used [10] - [12] , where the PAPR can be zero. For a lower cost, the transmitter can use an intermediate frequency (IF) carrier for the PM, and then direct detection can be used [13] , [14] at the receiver, where the PAPR becomes 3 dB due to the presence of the IF carrier. The performance of PM-OFDM in additive white Gaussian noise (AWGN) channel and frequency selective fading channel has also been reported in wireless communications [9] . Meanwhile, it can be shown that the phase noise to PM-OFDM becomes additive [10] , [11] . However, the laser phase noise is much more pronounced in optical PM-OFDM than the RF oscillator phase noise in wireless communication. Therefore, the critical step of phase transformation is prone to errors due to phase wrapping. Further, to the best of our knowledge, there is no closed-form expression for the phase noise effects on PM-OFDM.
In this paper, we discuss the important phase transformation at the receiver in the presence of the laser phase noise. Based on the fact that the OFDM signal is Gaussian-distributed, we propose a mean-phase-compensation (MPC) method, which greatly reduces the probability of the phase wrapping and consequently improves the system performance. When the modulation index is small, we can even skip the problematic phase unwrapping operation. We derive the closed-form expression for the noise distribution among the OFDM subcarriers using the Wiener phase nose model. Subsequently, we quantify the SNR improvement by discarding a few OFDM subcarriers affected by the laser phase noise. The accuracy of the analytical results is verified in simulation. We also apply it in experiment.
Phase-Modulated OFDM
In PM-OFDM, the OFDM waveform is carried by the phase of the carrier. The electrical field of PM-OFDM signal can be written as
where i is the time index, A is the amplitude, and the OFDM waveform carried by the phase signal ðiÞ is
where the last term is the inverse discrete Fourier transformation (IDFT) with a length of N, and 2h is simply referred to the modulation index of PM [9] . The data symbol X k should be arranged with the Hermitian symmetry so that ðiÞ is real-valued. The normalizing constant C norm is defined [9] so that
where hÁi is the ensemble average. To focus on the phase noise effect, we ignore the fiber dispersion and assume a flat channel response, and therefore, the channel model of the received signal can be simplified as r ðiÞ ¼ A Á exp j ðiÞ ½ Áexp jðiÞ ½ þnðiÞ (4) where is the laser phase noise and n is the additive white Gaussian noise. We will drop n in this paper, since its effect on PM-OFDM has been thoroughly discussed in [9] . We focus on the SNR degradation due to the laser phase noise. The PM-OFDM receiver is shown in Fig. 1 . Before the conventional OFDM demodulation, the salient difference is the phase transformation. The pros and cons of various phase transformation techniques can be found in many classic publications on the phase/angle modulation. In [15] , three types of phase transformation were compared, and the arctangent based demodulator was shown for a better performance and a low complexity. Therefore, we choose it for phase transformation as illustrated in Fig. 1 . With the laser phase noise, even with a small modulation index, the PM-OFDM signal can traverse the whole unit circle as shown in Fig. 1 , and therefore, there is phase wrapping from the arctangent when the phase crosses the AE boundary. Although we can conduct phase unwrapping subsequently, it becomes problematic when the noise is strong or the carrierto-noise ratio (CNR) is low [15] . Therefore, to avoid the unwrapping operation, we choose to rotate the mean phase of each OFDM symbol to zero radian before the arctangent. This is particularly effective for OFDM signals, since their data in the time domain are Gaussiandistributed as shown by the inset histogram in Fig. 1 .
After the DFT window synchronization, we conduct MPC on per OFDM symbol basis, and it can be expressed as
where argð:Þ is the arctangent, and we simply average the OFDM signal in the time domain to find its mean phase offset. The accuracy of (5) is benefited from the Gaussian distribution of the OFDM signal. After the MPC, the phase angles of the data points concentrate around zeroradian, and the probability of phase wrapping can be significantly lowered, illustrated in the inset scattering plots in Fig. 1 . If we control the modulation index of PM properly so that the maximum phase of the OFDM waveform is smaller than AE boundary after the MPC, the phase unwrapping can be even skipped. If a larger modulation PM index is needed for a better receiver sensitivity [9] , our MPC method is still beneficial because it greatly reduces the probability that needs phase unwrapping operation. We assume that the phase transformation of (6) is accurately conducted, and the received signal becomesr
where the laser phase is additive to the PM-OFDM signal. Then this phase modulated signal can be processed by conventional RF-OFDM receiver. After the DFT, the laser phase noise is still additive, and the demodulated data symbol on each subcarrier isX
where Âðk Þ is a function of subcarrier frequency and approximated as Gaussian noise when the carrier-to-noise ratio (CNR) is large [9] . In the Appendix, we have calculated the power spectrum density of ðiÞ À È, and therefore, the noise power of the k -th subcarrier due to laser phase noise is In our simplified model, after the DFT, the signal energy is evenly distributed among subcarriers. Then, we write the SNR for each subcarrier as
We note that the noise power in (9) is independent of the modulation index 2h. Together with (10), it is evident that for a given laser linewidth, the SNR of the PM-OFDM system can be increased by a larger modulation index that only increases the signal power. This is different to the conventional CO-OFDM systems [16] . As the SNRs vary at different subcarriers, we may use the averaged SNR over all the OFDM subcarriers as a raw indicator for the whole system performance. If we make the number of the used OFDM subcarriers equal to the DFT length, the averaged SNR is
Note that if N is large, the averaged SNR can be independent of the number of the subcarriers, i.e., the DFT length. For oversampling, or the number of used OFDM subcarriers being less than the DFT length, there will be a scaling factor in (11) .
From (9) and (10), the finite laser linewidth degrades the PM-OFDM subcarriers close to dc much more significantly. This is quite different to the conventional coherent optical OFDM, where the noise due to the phase noise is evenly distributed [16] . It is straightforward in PM-OFDM systems to mitigate such phase noise by simply discarding a few degraded subcarriers [19] . If we discard L subcarriers close to dc, then the left and averaged SNR is
The corresponding SNR improvement is
Note that the SNR improvement is a function of N and L only, independent of the other parameters.
Verification in Simulation and Experiment
In the first part, we conduct an ideal transmission of PM-OFDM in the presence of the laser phase noise. In the second part, we conduct an experiment using a phase modulator and heterodyne detection.
Ideal Transmission of PM-OFDM
In this simulation, the PM-OFDM transmission is only degraded by the Wiener phase noise. The sampling speed is 50 GS/s with an oversampling factor of four. The DFT length is 256, and the cyclic prefix is 16. The laser linewidth is fixed at 1 MHz. The receiver is an ideal coherent optical receiver. Fig. 2(a) shows the noise distribution among the OFDM subcarriers. For simplicity, we only plot the positive frequency. The theoretical curve is from (9) and matches the simulation results mostly within ±1 dB over the all the subcarriers. It is interesting to note that the noise distribution of PM-OFDM due to laser phase noise is quite different to conventional coherent optical OFDM [16] . The noise power difference of different subcarrier can be considerable. The OFDM signal power is not shown in Fig. 2 , but they are flat in this simulation. Therefore, the variation of the noise distribution determines the SNR change. Fig. 2(b) shows the SNR improvement by discarding some subcarriers close to dc. The simulation results are overlapped with the theoretical prediction by (13) , and the error is smaller than 0.02 dB. Overall, Fig. 2 shows that our analytical results are accurate. Fig. 3(a) shows the experimental setup and the OFDM parameters are similar to the simulation configuration. 160-OFDM subcarriers are encoded with 4-QAM and the rest are filled with zeros. The resulted frequency gap is intentionally used to facilitate the anti-aliasing filtering. The generated OFDM signal is produced by an arbitrary waveform generator (AWG) operated at 25 GS/s, and therefore the raw bit rate is 14.7 Gb/s. An RF amplifier with 20 dB linear gain is used to drive a phase modulator with 10-GHz bandwidth. The generated optical PM-OFDM is sent to the receiver directly (optical back-to-back) or 25-km standard single-mode fiber (SSMF). At the receiver, we use heterodyne detection that uses a local laser, a 3-dB coupler, and a balanced receiver with 20-GHz bandwidth. The received RF signal is digitized by a realtime scope operated at 50 GS/s and is subsequently processed off-line. The digital signal processing (DSP) starts from the down-conversion of the received signal from the IF carrier [see the inset in Fig. 3(a) ] to baseband and then follows the procedures in Fig. 1 . Fig. 3(b) shows the effectiveness of the MPC. Before it, the OFDM signal spreads on a circle and cross the AE boundary frequently. After the MPC, all the OFDM symbols concentrate around zero-radian. We can further estimate the PM modulation index of our system as 2h ¼ 0:306, approximately. It is also apparent that the phase unwrapping function can be skipped, since the modulation index is small and the phase angles are limited within AE boundary. Fig. 4 shows the measured noise distribution vs. OFDM subcarriers. In the experiment, all the lasers emit around 1551 nm. The receiver laser is an ECL with a claimed linewidth of smaller than 10 kHz. The transmitter laser use either a 1-MHz DFB laser or another 10-kHz ECL. Fig. 4(a) is the result of the DFB laser at the optical back-to-back transmission. The theoretical curve is a fitting of (9) using a linewdith of 20 kHz. Although it is much smaller than the vendor's specifications, it is understandable that our measurement is more affected by the instantaneous linewidth with a time period of 20.48 ns, which can be free of the frequency jitter. For the 80 subcarriers with lower frequencies, (9) provides a good approximation of the noise distribution. At the higher frequency, the larger noise may come from the other noise sources in the system. Fig. 4(b) is the result of the ECL laser after 25-km standard single-mode fiber. The theoretical curve is a fitting of (9) using a linewdith of 1 kHz. For the lower 10 OFDM subcarriers, the noise distribution is dominated by the laser phase noise and for the higher-frequency ones, the noise becomes almost flat with a floor at around −22 dBm, which is much higher than the theoretical prediction of the laser phase noise. This means that the system is not limited by the laser phase noise and the other noise sources should be identified. The SNR of the experimental system is not discussed in Fig. 4 , because the powers of OFDM subcarriers suffer from the low-pass filtering and the resulted SNRs deviates from our assumption in the theoretical analysis.
PM-OFDM Transmission Experiment

Conclusion
Phase modulated coherent optical OFDM can reduce the peak-to-average ratio of OFDM modulation to minmum. However, the critical step of phase transformation at the receiver is prone to errors. In this paper, we have proposed a mean-phase-compensation (MPC) method, which compensate for the mean phase offset for each OFDM symbol due to the phase noise. This method can avoid the problematic unwrapping function in phase transformation. We have shown the closed-form expressions for the phase noise spreading that is independent of the modulation index and the corresponding SNRs based on the Wiener phase noise model. For a given laser linewidth, we can have a better performance by using a larger modulation index or discarding the most-degraded subcarriers that are close to dc. The analytical results have been verified in simulation and experiment. 
Then, the auto-correlation function of v is 
The discrete frequency is k =NT . After the DFT of (18), the frequency nosie spectrum density is
which is a constant in the frequency domain, i.e., the so-called white frequency noise. Combining (4) and (5), we can assume that the phase noise is small, and then, we have the estimated phase noise as
Referring to (14) , the phase noise spectrum density of 'ðiÞ À È is
Furthermore, we can double check (21) by calculating its total energy as
Since there is no explicit expression for the summation of the finite harmonic sequence P ðN=2ÞÀ1 k ¼1 ð1=k 2 Þ, we can assume that N is large and use the below approximation
Therefore, the total energy of (20) is
When N is large, (23) is in agreement with its corresponding total energy in the time domain, as we have calculated in [19] 
